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The Marangoni effect refers to fluid flow induced by a gradient in surface tension at a fluid-fluid interface. We
determine the full three-dimensional Marangoni flow generated by a non-uniform surface tension profile at the
interface of a self-propelled spherical emulsion droplet. For all flow fields inside, outside, and at the interface of
the droplet, we give analytical formulas. We also calculate the droplet velocity vector vD, which describes the
swimming kinematics of the droplet, and generalize the squirmer parameter β, which distinguishes between
different swimmer types called neutral, pusher, or puller. In the second part of this paper, we present two
illustrative examples, where the Marangoni effect is used in active emulsion droplets. First, we demonstrate
how micelle adsorption can spontaneously break the isotropic symmetry of an initially surfactant-free emulsion
droplet, which then performs directed motion. Second, we think about light-switchable surfactants and laser
light to create a patch with a different surfactant type at the droplet interface. Depending on the setup
such as the wavelength of the laser light and the surfactant type in the outer bulk fluid, one can either push
droplets along unstable trajectories or pull them along straight or oscillatory trajectories regulated by specific
parameters. We explore these cases for strongly absorbing and for transparent droplets.
PACS numbers: 47.20.Dr, 47.55.D-, 47.55.pf
I. INTRODUCTION
Self-propelled particles swimming in fluids at low Rey-
nolds number have recently gained a lot of attention1–4.
Different methods to construct microswimmers exist.
One idea is to generate a slip velocity field close to the
swimmer’s surface by different phoretic mechanisms that
drags the particle forward. A typical example of an ar-
tificial swimmer is a nano- or micron-sized Janus colloid.
It has two distinct faces that differ in their physical or
chemical properties5. In the simplest realization, one face
catalyzes a chemical reaction and the reactants set up a
self-diffusiophoretic flow6. A combination of self-diffusio-
and electrophoresis close to bimetallic Janus particles in
a peroxide solution generates an electrochemical gradi-
ent to propel the swimmer7,8. Heating a Janus parti-
cle, where the thermal conductivity of both faces differs,
generates a temperature gradient, in which the colloid
moves. This effect is called thermophoresis9. Finally,
in a binary solvent close to the critical point, the liquid
around Janus colloids demixes locally, which also induces
a self-diffusiophoretic flow10.
Both, the individual swimming mechanisms of these
Janus particles and other microswimmers, as well as their
collective motion have evolved into very attractive re-
search topics4,11. In fact, the study of collective motion
in non-equilibrium systems has opened up a new field
in statistical physics. Recent studies of collective mo-
tion also concentrate on the role of hydrodynamic flow
fields12–17.
An alternative realization of a self-propelled particle is
an active emulsion droplet. Motivated by the experimen-
tal realization of such a swimming droplet18 and our own
work19, we construct here first the full three-dimensional
solution for the flow field inside and outside of the drop-
let. It is driven by a non-uniform surface tension profile
at the droplet interface. Then, we present two illustrative
examples, where it is necessary to use this full solution.
When two immiscible liquid phases are mixed, they
form emulsion droplets, which are often stabilized by
surfactants. Emulsion droplets can be prepared with
a well-defined size. Since they can enclose very small
quantities of matter down to single molecules, they are
predestined as microreactors in which chemical or biolog-
ical reactions take place. Therefore, they are an impor-
tant building block in microfluidic devices20,21. Droplets
are commonly divided into two classes: passive droplets,
which move due to external forces, and active droplets,
which swim autonomously without any external forces.
This force-free swimming is a general signature of self-
propelled particles4.
Self-propelled active droplets in a bulk fluid have
been studied in various experiments18,22–26 including
droplets coupled to a chemical wave27. Theoretical as
well as numerical treatments include deformable and
contractile droplets28,29, droplets in a chemically react-
ing fluid30, studies of the drift bifurcation of transla-
tional motion31–35, droplets driven by nonlinear chem-
ical kinetics36, and a diffusion-advection-reaction equa-
tion for surfactant mixtures at the droplet interface19.
In the first part of this paper we derive the flow
field around an emulsion droplet initiated by a non-
uniform surface tension at the droplet interface. This
phenomenon is known as Marangoni effect37. In the
proximity of the droplet interface, Marangoni flow is di-
rected towards increasing surface tension. So far, there
have been detailed studies of the flow field around ac-
tive droplets, where the surface tension is axisymmet-
2ric σ = σ(θ)38,39. Formulas of the non-axisymmetric
case have been mentioned in an extensive study of the
rheology of emulsion drops and have been used to ex-
plain cross-streamline migration of emulsion droplets in
Poiseuille flow40–42. Here, we present a detailed deriva-
tion and illustration of the full flow field for an arbitrary
surface tension profile σ(θ, ϕ) at the droplet interface.
We provide formulas for the flow fields inside and out-
side of the droplet, the droplet velocity vector vD, as
well as for the squirmer parameter β, which determines
whether a droplet is a pusher or a puller.
In the second part of this paper, we apply the presented
formulas to two illustrative examples. There are various
causes for a non-uniform surface tension field σ(θ, ϕ). A
surfactant lowers the surface tension by accumulating at
an interface. Thus the simplest way to generate Ma-
rangoni flow is a non-uniform distribution of a surfac-
tant within an interface. In our first, simple example, we
consider an initially “clean” or surfactant free droplet43
immersed in a fluid, which is enriched by micelles, i.e.,
aggregates of surfactant molecules. When a micelle ad-
sorbs somewhere at the droplet interface, Maragoni flow
is induced and propels the droplet in the direction of the
adsorption site. Now, the resulting outer fluid flow pref-
erentially advects other micelles towards the existing ad-
sorption site. This mechanism can spontaneously break
the isotropic symmetry of the droplet, which then moves
persistently in one direction, if the mean adsorption rate
of the micelles is sufficiently large. Micelles have been
shown to be crucial in the dynamics of active water as
well as liquid crystal droplets25,26. While we do not at-
tempt to unravel the detailed mechanism for activity in
these examples, we present here a simple idea how micelle
adsorption generates directed motion.
In the second example, we use a non-uniform mixture
of two surfactant types to induce Marangoni flow. Such
a mixture can be created by a chemical reaction18. Here,
we illustrate a different mechanism. Light-switchable
surfactants exist which change their conformation under
illumination with light44. So, by shining laser light onto
a droplet covered by light-switchable surfactants44, one
locally generates a spot of different surfactant molecules.
Depending on the surfactant type in the bulk fluid and
the wavelength of the laser light, the emulsion droplet
is either pushed by the laser beam or pulled towards
it. The first situation is unstable and the droplet moves
away from the beam and then stops. In the second situa-
tion, the droplet moves on a straight trajectory along the
beam. With decreasing relaxation rate towards the sur-
factant in bulk a Hopf bifurcation occurs and the drop-
let also oscillates about the beam axis. We explore these
cases for strongly absorbing and for transparent droplets.
The article is organized as follows. In Sec. II we derive
the flow fields inside and outside an emulsion droplet in-
duced by a non-uniform surface tension profile. The flow
fields depend on the droplet velocity vector vD, which
we evaluate and discuss in Sec. III. Section IV dis-
cusses characteristics of the flow field and introduces the
squirmer parameter in order to classify active droplets as
pushers or pullers. The following two sections contain the
illustrative examples. Section V demonstrates how mi-
celle adsorption spontaneously breaks the isotropic drop-
let symmetry and induces directed propulsion. Finally,
in Sec. VI we introduce and discuss the emulsion drop-
let covered by a light-switchable surfactant. The article
concludes in Sec. VII.
II. VELOCITY FIELD OF A FORCE-FREE ACTIVE
EMULSION DROPLET
In the following, we consider a droplet of radius R with
viscosity ηˆ of the inside liquid immersed in an unbounded
bulk fluid with viscosity η. At low Reynolds number
we have to solve the creeping flow or Stokes equation to
determine both the velocity field u(r) outside the droplet
(r > R) and the field uˆ(r) inside the droplet (r < R).
Solving the problem needs two steps45.
At first we solve the Stokes equation for a droplet,
which is fixed in space, with a given inhomogeneous sur-
face tension σ at the interface. The resulting flow field
of this “pumping problem” will be called w. Secondly,
we derive the flow field v of a passive droplet swimming
with a prescribed velocity vD, the so-called Hadamard
Rybczynski solution46. The complete flow field of the
swimming droplet is then given by the superposition of
both flow fields: u = v + w. This approach ensures
that the swimming droplet is a force-free swimmer4. The
droplet velocity vector vD is calculated by means of the
Lorentz reciprocal theorem for Stokes flow in Sect. III.
A. Pumping active droplet
In this section, we fix the active emulsion droplet in
space and analyze the velocity fields outside (w) and in-
side (wˆ) of the droplet generated by the inhomogeneous
surface tension at the fluid interface. We start with the
boundary conditions formulated in spherical coordinates
in the droplet frame of reference:
w = 0 , r →∞ , (1)
wr = wˆr = 0 , r = R , (2)
w = wˆ , r = R , (3)
∇sσ = Ps(Tˆ−T)er , r = R , (4)
where r is the distance from the droplet center and R the
droplet radius. These conditions assure that the droplet
is fixed in space (1), has an impenetrable interface (2),
and the tangential velocity at the interface is continuous
(3). Condition (4) states that a gradient in surface ten-
sion σ at the interface has to be balanced by a jump in
the fluid shear stresses. This gradient in surface tension
induces the Marangoni flow close to the interface. Here,
we introduce the surface projector Ps = 1− n ⊗ n with
3surface normal n = er. Correspondingly we use the no-
tation ∇s = Ps∇ for the surface gradient, where ∇ is the
nabla operator. In addition, we assume the droplet to be
undeformable, i.e., of constant curvature ∇ · n = 2/R,
and thus do not need to consider the normal stress bal-
ance at the interface. Hence, we are in the regime of
small capillary number Ca = R|∇sσ|/|σ| ≪ 1, 33. Fi-
nally, the viscous part of the Cauchy stress tensor of an
incompressible Newtonian fluid with viscosity η is given
by T = η
[∇⊗w+ (∇⊗w)T ]. In spherical coordinates
we find the following two equations from condition (4)
for the polar and azimuthal components of ∇sσ:
(∇sσ)θ = ηˆ(∂rwˆθ −R−1wˆθ)− η(∂rwθ −R−1wθ) ,(5a)
(∇sσ)ϕ = ηˆ(∂rwˆϕ −R−1wˆϕ)− η(∂rwϕ −R−1wϕ) .(5b)
Fluid flow at the liquid-liquid interface is always driven
by a gradient in σ, whereas pressure only acts in normal
direction.
We now use the set of boundary conditions (1)-(3) and
(5) to solve the Stokes equation η∇2w−∇p = 0 outside
and inside the droplet. Due to the spherical symmetry
of our problem and since pressure p satisfies the Laplace
equation, the following ansatz for the velocity and pres-
sure fields outside the droplet are feasible according to
Refs.47,48
w =
∞∑
l=0
[
2− l
ηl(4l− 2)r
2∇pl +
+
1 + l
ηl(2l− 1)plr+∇Φl +∇× (χlr)
]
, (6)
p =
∞∑
l=0
pl .
Here, χl, Φl, and pl are irregular solid harmonics to as-
sure w = 0 as r →∞ according to Eq. (1):48
pl = r
−(l+1)
l∑
m=−l
αml Y
m
l (θ, ϕ) ,
Φl = r
−(l+1)
l∑
m=−l
βml Y
m
l (θ, ϕ) ,
where we give the spherical harmonics Y ml (θ, ϕ) in ap-
pendix A. We already set the pseudoscalar χl in Eq. (6)
to zero. We will express the flow field as a linear func-
tion in the surface tension, which is a scalar quantity.
Due to the isotropic symmetry of the spherical droplet,
a preferred direction does not exist and one cannot con-
struct a term which contains the pseudoscalar χl. Using
the solid harmonics in Eq. (6) results in the following
spherical components of the flow field w in Eq. (6),
wr =
∞∑
l=1
l∑
m=−l
[
l + 1
(4l − 2)η
αml
rl
Y ml − (l + 1)
βml
rl+2
Y ml
]
,
wθ =
∞∑
l=1
l∑
m=−l
[
2− l
l(4l− 2)η
αml
rl
∂θY
m
l +
βml
rl+2
∂θY
m
l
]
,
wϕ =
∞∑
l=1
l∑
m=−l
[
im(2− l)
l(4l− 2)η
αml
rl
Y ml
sin θ
+ im
βml
rl+2
Y ml
sin θ
]
.
The coefficients αml and β
m
l will be determined in the
following. Terms with l = 0 do not appear since the
coefficients either vanish due to boundary conditions (1)
and (2) (α00 = β
0
0 = 0).
The ansatz for the interior flow inside the droplet is
obtained from Eq. (6) by replacing l by −(l + 1) in the
prefactor of each term:47,48
wˆ =
∞∑
l=0
[
(l + 3)
ηˆ(l + 1)(4l + 6)
r2∇pˆl +
− l
ηˆ(l + 1)(2l + 3)
pˆlr+∇Φˆl +∇× (χˆlr)
]
, (7)
pˆ =
∞∑
l=0
pˆl ,
with regular solid harmonics, which do not diverge at
r = 0,
pˆl = r
l
l∑
m=−l
αˆml Y
m
l (θ, ϕ) ,
Φˆl = r
l
l∑
m=−l
βˆml Y
m
l (θ, ϕ) .
Again, we can set χˆl = 0. This results in the following
spherical components of the flow field wˆ in Eq. (7),
wˆr =
∞∑
l=1
l∑
m=−l
[
l
(4l+ 6)ηˆ
rl+1αˆml Y
m
l + lr
l−1βˆml Y
m
l
]
,
wˆθ =
∞∑
l=1
l∑
m=−l
[
l + 3
(l + 1)(4l+ 6)ηˆ
rl+1αˆml ∂θY
m
l
+rl−1βˆml ∂θY
m
l
]
,
wˆϕ =
∞∑
l=1
l∑
m=−l
[
im(l+ 3)
(l + 1)(4l+ 6)ηˆ
rl+1αˆml
Y ml
sin θ
+imrl−1βˆml
Y ml
sin θ
]
.
Terms with l = 0 are not relevant.
In the following, we successively evaluate the condi-
tions (2), (3), and (5) to determine all the coefficients
4αml , αˆ
m
l and β
m
l , βˆ
m
l . The condition of an impenetrable
interface (2) connects αml (αˆ
m
l ) with β
m
l (βˆ
m
l ):
αˆml =
−2ηˆ(2l + 3)
R2
βˆml , α
m
l =
−2η(1− 2l)
R2
βml .
We eliminate αml and αˆ
m
l and use the condition wˆθ|R =
wθ|R from Eq. (3) to relate the interior to the exterior
coefficients:
βˆml = −
l+ 1
l
R−2l−1βml .
Evaluating wˆϕ|R = wϕ|R yields the same relations. In
the next step we use the final condition (5) to match the
jump in the shear stress to a given profile of the surface
tension σ. From Eq. (5) and the coefficients determined
above, we find:
(∇sσ)θ =
∞∑
l=1
l∑
m=−l
[
(η + ηˆ)
4l + 2
l
βml
Rl+3
∂θY
m
l
]
, (8a)
(∇sσ)ϕ =
∞∑
l=1
l∑
m=−l
[
(η + ηˆ)
4l + 2
l
imβml
Rl+3
Y ml
sin θ
]
.(8b)
We also expand the surface tension into spherical har-
monics,
σ(θ, ϕ) =
∞∑
l=1
l∑
m=−l
sml Y
m
l (θ, ϕ) , (9)
with coefficients
sml =
2π∫
0
π∫
0
σ(θ, ϕ)Y
m
l (θ, ϕ) sin θdθdϕ , (10)
where Y
m
l is the complex conjugate of Y
m
l (see appendix
A). Thus, the l.h.s. of Eqs. (8) are given by:
(∇sσ)θ = 1
R
∞∑
l=1
l∑
m=−l
sml ∂θY
m
l , (11a)
(∇sσ)ϕ = 1
R
∞∑
l=1
l∑
m=−l
imsml
Y ml
sin θ
. (11b)
Comparing Eqs. (8a) and (11a) or alternatively (8b) and
(11b), we finally find
βml =
Rl+2
η + ηˆ
l
4l+ 2
sml .
This completes the derivation of the velocity field of
an active droplet with a given surface tension profile σ,
which is fixed in space.
The fluid flow at the interface is now easily calculated
by inserting the coefficients βml into the ansatz for w and
setting r = R:
wθ|R =
1
η + ηˆ
∞∑
l=1
l∑
m=−l
sml
2l+ 1
∂θY
m
l , (12a)
wϕ|R =
1
η + ηˆ
∞∑
l=1
l∑
m=−l
imsml
2l+ 1
Y ml
sin θ
, (12b)
with sml from Eq. (10).
Comparing the components of Eqs. (11) and (12) with
each other, we realize that the expansion coefficients only
differ by a factor 1/(2l + 1). Thus, the fluid flow at
the interface w|R is basically equivalent to a smoothed
gradient of the surface tension ∇sσ.
B. Passive droplet
In this section we will calculate the velocity field v of
the viscous flow around a passive sphere moving with
a velocity vD. In the rest frame of the moving sphere
boundary conditions (2) and (3) from the analysis of the
fixed active droplet remain unchanged, while Eqs. (1) and
(5) are replaced by
v = −vD , r →∞ , (13)
0 = Ps(Tˆ−T)er , r = R . (14)
The second condition is equivalent to ∇sσ = 0. It means
that the fluid shear stress is continuous across the droplet
interface and hence the droplet is passive. The procedure
of calculating the flow field v is very similar to the case
of the active droplet in Sec. II A. We outline it in the
following.
We employ the same ansatz for the external (v) and
internal (vˆ) droplet field, as we did for w and wˆ for the
pumping active droplet in Eqs. (6) and (7). However, in
order to satisfy boundary condition (13), we have to add
the three spherical components of −vD,
−er · vD = −v−11 Y −11 − v01Y 01 − v11Y 11 ,
−eθ · vD = −v−11 ∂θY −11 − v01∂θY 01 − v11∂θY 11 ,
−eϕ · vD = −iv11
Y 11
sin θ
+ iv−11
Y −11
sin θ
,
to the ansatz for v, where we have introduced the coeffi-
cients vm1 for v
D. This is equivalent to vD in Cartesian
representation:
vD = −
√
3
8π

 v11 − v−11i (v11 + v−11 )
−√2v01

 . (15)
From condition (2), we find:
αˆml =
−2ηˆ(2l+ 3)
R2
βˆml ,
αml =
−2η(1− 2l)
R2
(
βml + δl,1
R3
2
vml
)
,
5just as in the active case of Sec. II A. Boundary condition
(3) relates βˆml to β
m
l ,
βˆml = −
l+ 1
l
R−2l−1βml +
δl,1
2
vml .
Finally, we use boundary condition (14) to derive:
βˆm1 =
η
2(η + ηˆ)
vm1 ,
while all other coefficients with l ≥ 2 vanish. So, we have
related all coefficients to the components vm1 of v
D.
We obtain the axially symmetric velocity field v of a
passive droplet, the so called Hadamard-Rybczynski so-
lution of a creeping droplet46, which moves with velocity
vD. In appendix B, where we give the complete velocity
field u of the active droplet, one can read off the flow
field v as the terms that contain vD. These terms either
decay as 1/r or 1/r3. In particular, the velocity field at
the interface is
vθ|R =
−η
2(η + ηˆ)
eθ · vD , (16a)
vϕ|R =
−η
2(η + ηˆ)
eϕ · vD . (16b)
We will calculate the droplet velocity vD in Sec. III.
Note that, as ηˆ → ∞, one recovers the usual no-slip
boundary condition of a rigid sphere.
C. Complete solution
The complete flow field of the force-free swimming ac-
tive droplet is the sum of both contributions, from the
fixed active and the passive droplet. The velocity fields
inside (uˆ = vˆ+wˆ) and outside (u = v+w) of the droplet
are summarized in appendix B. The formulas are equiv-
alent to the ones in Ref.40–42. The outside flow field is
also presented in the lab frame. Here we mention the
velocity field u|R = w|R + v|R at the interface with w|R
taken from Eq. (12) and v|R from Eq. (16):
uθ|R =
−η
2(η + ηˆ)
eθ · vD
+
1
η + ηˆ
∞∑
l=1
l∑
m=−l
sml
2l+ 1
∂θY
m
l , (17a)
uϕ|R =
−η
2(η + ηˆ)
eϕ · vD
+
1
η + ηˆ
∞∑
l=1
l∑
m=−l
imsml
2l+ 1
Y ml
sin θ
. (17b)
Before studying the axisymmetric limit, we investigate
the role of viscosity. The most commonly studied droplet
emulsions are either oil droplets in water or vice versa,
where typical viscosities are ηwater = 1mPa s and ηoil =
36mPa s 18,25. We will show in the following section that
vD ∝ (2η+3ηˆ)−1. Using this result in Eqs. (17), we find
that in the case η ≥ ηˆ both w and v scale as 1/η. In
the opposite case, η ≪ ηˆ, the pumping solution scales as
w ∝ 1/ηˆ while v ∝ η/ηˆ2. Hence, for an oil drop in water
one can neglect v, when calculating the velocity field (17)
at the interface.
An axisymmetric surface tension σ = σ(θ), where only
spherical harmonics with m = 0 contribute in Eqs. (9)
and (17a), yields:
uθ|R =
η sin θ vDz
2(η + ηˆ)
+
1
2(η + ηˆ)
∞∑
l=1

 π∫
0
σPl sin θdθ

P 1l .
(18)
Here, Pl(cos θ) are Legendre polynomials of degree l and
P 1l (cos θ) = ∂θPl(cos θ).
Levan et al. already solved the case of an axisymmetric
swimming droplet38, where the Stokes equation can be
rephrased to a simpler fourth-order partial differential
equation for a scalar stream function48. They found the
flow field at the interface:
uθ|R =
η sin θ vDz
2(η + ηˆ)
+
1
2(η + ηˆ)
∞∑
l=2
l(l − 1)

 π∫
0
C
−1/2
l ∂θσdθ

C−1/2l
sin θ
,(19)
where C
−1/2
l (cos θ) are Gegenbauer polynomials of order
l and degree −1/2. These are connected to Legendre
polynomials by dd cos θC
−1/2
l = −Pl−1. A standard calcu-
lation, which uses the properties of Legendre and Gegen-
bauer polynomials, shows indeed that Eqs. (19) and (18)
are equivalent.
The general solution for the surface flow, Eqs. (17),
still contains the unknown droplet velocity vector vD.
We will calculate vD in Sect. III, by relating it to the
non-uniform surface tension.
III. DROPLET VELOCITY VECTOR
A central quantity in all studies of swimming droplets
is the swimming speed vD. Furthermore, for droplets
without an axial symmetry, the swimming direction e is
not obvious. Both together define the droplet velocity
vector vD = vDe. Once this quantity is known, the flow
field u|R in (17) is completely determined.
In order to derive an expression for vD, we stress that
an active particle is force-free4. Accordingly, the to-
tal hydrodynamic drag force F = Fa + Fp, acting on
the particle, has to vanish. Here, Fa and Fp are the
drag forces of the active pumping droplet and the pas-
sive droplet, treated in Sec. II A and II B, respectively.
The drag forces are given by Fa = −4π∇(r3p1|a) and
Fp = −4π∇(r3p1|p), respectively, with solid harmonics
p1|a and p1|p of the corresponding flow fields48. For the
6passive droplet one finds
Fp = −6πηR2η + 3ηˆ
3η + 3ηˆ
vD , (20)
also known as the Hadamard and Rybczynski drag force
of a droplet46,49,50. It reduces to the well known Stokes
drag of a solid sphere for ηˆ ≫ η, whereas it predicts a
reduced drag for droplets and bubbles, due to a finite
slip velocity at the interface. The condition Fa+Fp = 0
gives the simple relation αm1 |a + αm1 |p = 0 between the
coefficients determined in Secs. II A and II B and ulti-
mately yields vm1 = −2sm1 /(9ηˆ + 6η). Here, vm1 are the
coefficients of the velocity vector vD introduced in Eq.
(15). Thus, one finds:41,51
vD =
√
1
6π
1
2η + 3ηˆ

 s11 − s−11i (s11 + s−11 )
−√2s01

 . (21)
An equivalent relation writes vD as the average of flow
field w over the droplet surface, see appendix C. The
droplet velocity vector is solely determined by the dipo-
lar coefficients (l = 1) in the multipole expansion of the
surface tension σ. It can be written as vD = vDe with:
vD =
√
2 (s01)
2 − 4s11s−11√
6π(2η + 3ηˆ)
, (22a)
e =
1√
2 (s01)
2 − 4s11s−11

 s11 − s−11i (s11 + s−11 )
−√2s01

 . (22b)
Next we derive an alternative formula for vD. Using
the explicit expressions for the sm1 from Eq. (10) and the
Cartesian components of the radial unit vector er, we
rewrite Eq. (21) as vD = −[2πR2(2η + 3ηˆ)]−1 ∫∫ σerdA.
Finally, extending σ into the droplet with ∂σ/∂r = 0 and
applying Gauss’s theorem, we obtain
vD =
−1
4πR(2η + 3ηˆ)
∫∫
∇sσdA .
Thus, the droplet velocity vector vD is simply given by
the integral of the surface-tension gradient ∇sσ over the
whole droplet surface. By comparing this with the alter-
native formula for vD in Eq. (C1), we realize: for calcu-
lating the droplet speed, the following equivalence holds:
w|R=ˆ R
3(η + ηˆ)
∇sσ . (23)
By using the =ˆ symbol, we stress that this equivalence
is only valid in Eq. (C1) and not for the flow field w|R
in general. However, Eq. (23) illustrates that the surface
flow is initiated by a gradient in the surface tension.
In the axisymmetric case (m = 0), vD = −vDez points
against the z direction with
vD =
1
2η + 3ηˆ
π∫
0
σ cos θ sin θdθ ,
which is equivalent to the swimming speed calculated
by Levan et al.38. Note that the swimming velocity is
independent of the droplet radius R.
Ansa¨tze (6) and (7) for flow and pressure fields can
also be used to treat droplets of non-spherical shape48.
For the torque, which a droplet experiences from the sur-
rounding fluid, one finds M = −8πη∇(r3χ1), 48. How-
ever, as explained in Sec. II A, the solid harmonic χ1
vanishes and thus M = 0. Therefore, for a spheri-
cal droplet the angular velocity is zero, Ω = 0, and
the swimming kinematics is completely determined by
vD. Hence, there is no generalization of the Stokes drag
torque M = −8πηR3Ω of a rigid particle to an emulsion
droplet.
IV. CHARACTERISTICS OF FLOW FIELD
In this section, we discuss some characteristics of the
outside flow field u(r) fully presented in appendix B.
Flow fields around an active particle can be written as a
superposition of flow singularities52,53. The lowest singu-
larity, the Stokeslet, is the flow field due to a point force
fδ(r)a pointing in direction a. It decays as u ∝ r−1 and
is only present if external forces act on the particle. In
our analysis we do not consider external forces.
The leading singularity of a force-free active droplet
is the stresslet. An example is the force dipole con-
structed from two Stokeslets, which one obtains by tak-
ing the derivative of the Stokeslet along a given direction
b. The resulting flow field decays as u ∝ r−2. In gen-
eral, the stresslet corresponds to the symmetrized first
moment of the force distribution on the particle sur-
face. Thus, it is characterized by the symmetric tensor
S = − 2π3 ∇⊗∇(r5p2) with solid harmonic p2, which here
comes from the pumping active droplet54. One obtains:
S =
√
6π
5
R2η
η + ηˆ


s−22 −
√
2
3s
0
2 + s
2
2 i(s
2
2 + s
−2
2 ) s
−1
2 − s12
i(s22 + s
−2
2 ) −s−22 −
√
2
3s
0
2 − s22 −i(s−12 + s12)
s−12 − s12 −i(s−12 + s12) 2
√
2
3s
0
2

 (24)
7For instance, the flow field of two Stokeslets in direction
a = ±ex, which are connected along b = ey is given by
component Sxy. Clearly, only the coefficients s
m
2 account
for the stresslet.
The singularities that account for a decay of the ve-
locity field as u ∝ r−3 are both the source dipole and
the Stokes quadrupole. The source dipole is responsible
for droplet propulsion and thus related to the droplet ve-
locity vector vD with the coefficients sm1 [see Eq. (21)].
Hence, these coefficients are always non-zero when the
droplet is swimming. The Stokes quadrupole is, for ex-
ample, a combination of two stresslets. It is related to
the second moment of the force distribution, a tensor of
rank three. As can be observed from appendix B, the co-
efficients sm3 account for the Stokes quadrupole. To sum-
marize, the lowest-order decay of the flow field around a
swimming active droplet is therefore either u ∝ r−3 in
the case of S = 0 or u ∝ r−2 if S 6= 0.
A. Generalized squirmer parameter
A useful parameter to quantify the type of a mi-
croswimmer driven by surface flow is the squirmer pa-
rameter β. It compares the stresslet strength to the
source dipole. The squirmer is a classic model of an ax-
isymmetric spherical microswimmer55,56. It has recently
been generalized to the non-axisymmetric case45. The es-
sential boundary condition of a squirmer is a prescribed
flow field w|R at the surface of a sphere. In contrast,
the flow field w|R of an active droplet is the result of a
non-uniform surface tension at the fluid interface.
In the following, we calculate the squirmer parameter
β for an active droplet with arbitrary swimming direction
as a function of the angular expansion coefficients sm2 of
the surface tension. For an axisymmetric squirmer with
surface flow velocity
uθ|R = B1 sin θ + B2
2
sin 2θ , (25)
one defines the squirmer parameter β as4,55–58
β = B2/|B1| , (26)
where 2/3 |B1| is the swimming speed. When β is posi-
tive, the surface flow is stronger in the front on the north-
ern hemisphere and the flow around the squirmer is simi-
lar to the flow field initiated by a swimming algae such as
Chlamydomonas. The swimmer is called a “puller” since
it pulls itself through the fluid. Accordingly, a swimmer
with β < 0 is called a “pusher” . For example, the bac-
terium E. coli swims by pushing fluid away from itself
at the back by a rotating flagellum4. For β 6= 0, the
flow field far away from the swimmer is dominated by
the hydrodynamic stresslet or force dipole with u ∝ r−2.
However, in the case β = 0 (“neutral swimmer”) the
source dipole with u ∝ r−3 dominates. One example for
a neutral swimmer is the Volvox algae4. For β → ±∞
the swimmer becomes a “shaker” that shakes the adja-
cent fluid but does not swim. Note that hydrodynamic
interactions between swimmers as well as between swim-
mers and walls strongly depend on their type, i.e., on the
squirmer parameter β. Thus, β is a key parameter in the
study of individual swimmers as well as their collective
dynamics13,15,16,19.
For squirmers without axisymmetry but still swimming
along the z-axis, Eq. (25) also contains terms depending
on the azimuthal angle ϕ. In addition, a multipole expan-
sion for the azimuthal velocity component uϕ|R has to be
added. Still, the coefficient B1 determines the swimming
speed and β the swimmer type since contributions from
multipole terms with m 6= 0 vanish when averaging over
ϕ.
So, we first determine the squirmer parameter for an
axisymmetric droplet that swims in z direction. Since β
is related to flow fields decaying like 1/r2, we only have
to consider the velocity field w of the pumping active
droplet. For the surface tension profile
σ = s01Y
0
1 + s
0
2Y
0
2
=
√
3
4π
s01 cos θ +
√
5
4π
s02
(
3
2
cos2 θ − 1
2
)
,
where we have only included the relevant two leading
modes, we find from Eq. (12a):
wθ|R = −1
η + ηˆ
(
s01√
12π
sin θ +
1
2
3s02√
20π
sin 2θ
)
.
Comparing with Eq. (25), we identify the squirmer pa-
rameter of the swimming axisymmetric droplet as the
ratio
β = −
√
27
5
s02
|s01|
. (27)
In Eq. (D1) in appendix D, we relate all the angular co-
efficients s0l to the squirmer coefficients Bl, which yields
the same expression for β.
The ratio of stresslet tensor component Szz = ez · Sez
and velocity vD is proportional to β from Eq. (27). Sim-
ilarly, when projecting the stresslet tensor S onto an ar-
bitrary swimming direction e, one averages over the az-
imuthal angle about e. So the generalized squirmer pa-
rameter to characterize pushers and pullers becomes
β = − 3
4πR2
η + ηˆ
(2η + 3ηˆ)η
e · Se
vD
. (28)
Here, we have set the prefactor such that β agrees with
Eq. (27) for e = ez. In Eq. (E1) in appendix E, we
give the concrete expression for β in terms of sm1 and s
m
2 .
Note that in the non-axisymmetric case β = 0 does not
mean that the stresslet is zero. For this all components
of the stresslet tensor have to vanish. Only then one can
conclude that a flow field with u ∝ r−2 does not exist.
8FIG. 1. Inside (uˆ) and outside (u) velocity field streamlines
at a cross section through an emulsion droplet for a given
surface tension σ(θ,ϕ). To draw the streamlines, the velocity
vectors at the cross section are projected onto the cross sec-
tion. Moreover, the surface divergence ∇s ·u|R at the droplet
interface is shown.
B. Surface divergence
The solution of the Stokes equation for the flow field
u, which we presented in Sec. II C, fulfills the incom-
pressibility condition ∇ · u = 0 everywhere, i.e., also at
the interface. However, this does not necessarily hold
for the surface divergence ∇s · u|R. Using ∇s2Y ml =
−l(l+ 1)R−2Y ml , one finds from Eqs. (17):
∇s · u|R = R
−1
η + ηˆ
[
ηer · vD −
∞∑
l=1
l∑
m=−l
l(l+ 1)sml
2l+ 1
Y ml
]
.
(29)
Thus any surface actuation sml 6= 0 results in ∇s ·u|R 6= 0.
In other words, surface divergence is a necessary condi-
tion for propulsion25,59. In fact, the surface divergence of
the pumping field ∇s ·w|R, i.e., the second term on the
r.h.s. of Eq. (29), contains the expansion coefficients of σ
amplified by a prefactor O(l). Furthermore, comparing
Eq. (29) with the radial components of the inside and
outside velocity fields uˆr and ur from (B1a) and (B1d),
respectively, one finds the following. Regions at the in-
terface with positive divergence, ∇s ·u|R > 0, are accom-
panied by radial flows uˆr > 0 and ur < 0 towards the
interface. On the other hand, regions with convergence,
i.e., negative divergence, ∇s ·u|R < 0, induce radial flows
uˆr < 0 and ur > 0 away from the interface. Figure 1 il-
lustrates this. Depicted is the surface divergence ∇s ·u|R
along with the streamlines of uˆ and u at a cross section
through an emulsion droplet with given surface tension
field σ(θ, ϕ). In section V, we will build on this finding
and demonstrate how micelle adsorption spontaneously
breaks the isotropic symmetry of the droplet interface
and thereby induces propulsion.
FIG. 2. Cartoon of a micelle adsorbing at the interface of an
emulsion droplet. Marangoni flow u|R spreads the surfactants
over the interface and propels the droplet in direction e to-
wards the adsorption site. Inset: Flow field and color-coded
surface divergence∇s ·u|R shortly after a micelle has adsorbed
at the droplet interface. Same representation as in Fig. 1.
V. SPONTANEOUS SYMMETRY BREAKING BY
MICELLE ADSORPTION
For the remainder of this paper, we will discuss pos-
sible applications for Marangoni flow initiated at the in-
terface of an emulsion droplet. In this section we present
a model of a droplet which performs directed motion by
adsorbing micelles, i.e., spherical aggregates of surfac-
tant molecules. We consider a spherical oil droplet in
water, the surface of which, initially, is hardly covered
by surfactant molecules. Due to the small ratio of vis-
cosities outside and inside the droplet, η ≪ ηˆ, we neglect
the passive part v of the velocity field and set u = w, as
pointed out in Sec. II C. The surrounding water phase
is homogeneously enriched with micelles formed by sur-
factant molecules. In the following, we explain how this
setup can lead to a persistent swimming motion of the
droplet. Once one of the micelles with radius RM hits
the droplet interface, the surfactants will adsorb at the
droplet interface with a probability p and cover a circu-
lar region of area 4πR2M , as illustrated in Fig. 2. Thus,
at the adsorption site surface tension is lower compared
to the surrounding surfactant-free interface. The result-
ing Marangoni flow is directed away from the adsorption
site and therefore spreads the surfactants over the drop-
let interface. The interfacial Marangoni flow u|R = w|R
induces a displacement of the droplet in the direction of
the adsorption site with a velocity given in Eq. (C1). Fur-
thermore, the flow is accompanied by a positive surface
divergence ∇s · u|R > 0 and inward radial flow ur < 0 at
the front of the droplet, as discussed in Sec. IVB. The
flow field initiated by an adsorbed micelle is illustrated in
the inset of Fig. 2. Now, the radial flow towards the in-
terface advects additional micelles and thereby increases
9the rate with which surfactants adsorb at the front of
the droplet. Following this train of thought, we expect
the droplet to eventually develop a spot with increased
surfactant coverage thereby breaking the isotropic sym-
metry of the interface. As a result, the droplet performs
directed motion that comes to an end when the interface
is fully covered by surfactants.
Note that this model starts with the assumption that
the interface of the emulsion droplet initially is almost
surfactant free. Such systems exist and Ref.43 summa-
rizes recent advances on realizing surfactant-free emul-
sion droplets. Furthermore, we do not take into account
the detailed kinetics of the micelle adsorption60. We
rather assume that when micelles adsorb at the interface
they simply spread their surfactant molecules.
A. Diffusion-advection equation
We propose a simple model for the surfactant dynamics
at the droplet interface. The surfactant concentration
Γ obeys a diffusion-advection equation with additional
source term,
∂tΓ = −∇s · (−Ds∇sΓ + Γu|R) + q . (30)
The two terms in brackets describe transport of surfac-
tants due to diffusion and advection induced by Maran-
goni flow, respectively, and Ds is the diffusion constant
within the interface. The third term on the r.h.s. of
Eq. (30) represents the bulk current of micelles hitting
the droplet interface, where they are ultimately adsorbed
with a mean rate 1/τads and τads is mean adsorption time.
The Marangoni flow u|R at the droplet interface is
generated by a concentration dependent surface tension,
which we assume to be linear in Γ, for simplicity:
σ(Γ) = σ0 − σsΓ , (31)
where σ0 > σs > 0. Here σ0 is the surface tension of
the clean or surfactant free droplet (Γ≪ 1) and σ0 − σs
the surface tension of a droplet, which is fully covered by
surfactants (Γ = 1). Thus, for a given surfactant den-
sity Γ(θ, ϕ), Eq. (31) yields the field of surface tension,
which is expanded into spherical harmonics with coeffi-
cients sml according to Eq. (10). Note that the equation
of state (31) typically breaks down at large surface cov-
erage. Here, we mainly focus on the early droplet dy-
namics, when the interface is only lightly covered with
surfactants.
The micellar source term q has two contributions. Mi-
celles perform a random walk through the outer fluid
and ultimately hit the droplet interface which acts as
a sink for the micelles. This sets up a diffusive cur-
rent towards the interface. More importantly, as soon
as Marangoni flow is initiated, micelles are also advected
towards the interface as quantified by the radial flow
component ur, which is connected to the surface diver-
gence ∇s ·u|R at the droplet interface, as outlined in Sec.
IVB and discussed in Ref.61 in more detail. A rigor-
ous study of the full 3D bulk diffusion-advection equa-
tion for the bulk concentration of micelles c is beyond
the scope of this paper. Instead, we proceed as fol-
lows. Comparing the time scale of micellar bulk diffu-
sion tD = R
2/(6D) = πηR2RM/(kBT ) to the time scale
of bulk advection tA = R(η+ηˆ)/σs, we find a Peclet num-
ber Pe = tD/tA on the order of 10
3. For the estimate we
took RM = R/20 = 50nm, η = 1mPa s, ηˆ = 36mPa s,
σs = 1mN/m, and room temperature. Due to the large
Peclet number, we neglect bulk diffusion completely and
consider advection only in the following. We view micelle
adsorption to occur anywhere at the interface as a Poisso-
nian process. Adsorption events are independent of each
other and the mean adsorption time between the events
is τads as already mentioned. Micelles preferentially ad-
sorb at positions on the interface with large ∇s ·u|R > 0,
while they do not adsorb at locations with ∇s · u|R < 0,
where the radial flow is directed away from the droplet.
We will explain the detailed implementation of the ad-
sorption event in the following section.
We introduce a dimensionless form of the diffusion-
advection equation (30) for the droplet interface rescaling
lengths by droplet radius R and times by diffusion time
τ = R2/Ds:
∂tΓ = −∇s · (−∇sΓ +MΓu|R) + q . (32)
As one relevant parameter, the so-called Marangoni num-
ber M = τ/τA compares the typical advection time
τA = R(η+ηˆ)/σs to τ , where we used u|R = σs/(η+ηˆ) to
estimate the Marangoni flow. Furthermore, the reduced
adsorption rate becomes κ = τ/τads, which is the most
important parameter in this problem. Although we kept
the same symbols, all quantities in Eq. (32), including Γ,
t, ∇s, u|R, and q are from now on dimensionless.
B. Numerical solution
To solve Eq. (32) numerically, we used a finite-volume
scheme on a spherical mesh62. Initially, at time t = 0, the
droplet is free of surfactants, Γ = 0, and at rest. While
diffusive and advective currents are implemented within
the standard finite-volume algorithm, we model the mi-
celle adsorption by a Poissonian process63. At each time
step ∆t in the numerical scheme, we allow an adsorp-
tion event with probability κ∆t. If it is successful, the
micelle is adsorbed with larger probability at positions
were ∇s · u|R > 0 is large. To implement this, we intro-
duce the weight function
f(θ, ϕ) =
∇s · u|R∫ ∇s · u|RdΩ for ∇s · u|R > 0 . (33)
Then the probability for micelle adsorption during time
∆t and within the solid angle element dΩ at an angular
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FIG. 3. (a) Swimming velocity vD plotted versus time t for an
emulsion droplet adsorbing surfactant micelles. The reduced
adsorption rates are κ = 4, 11, and 20. Other parameters
are M = 1 and R/RM = 20. The inset shows the long-time
limit for κ = 20. (b) Swimming trajectories from the same
simulations as in (a) starting from t = 0 until the droplets
stop when they are fully covered with surfactants.
position (θ, ϕ) becomes
p(θ, ϕ,∆t)dΩ =
{
κ∆tf(θ, ϕ)dΩ for ∇s · u|R > 0 ,
0 for ∇s · u|R ≤ 0 .
After a micelle adsorption event at site (θ, ϕ) is deter-
mined, we set Γ to one in a circular patch with radius
2RM centered around (θ, ϕ). In addition, we assume that
surfactants stay at the droplet interface once adsorbed.
In this setup Marangoni flow and diffusion current act
in the same direction along −∇sΓ. So, the Marangoni
number is not the relevant parameter to initiate directed
motion and we always set M = 1. However, by tuning
the adsorption rate κ, the droplet starts to swim.
Figure 3 (a) shows the swimming speed vD of an emul-
sion droplet for three values of the reduced adsorption
rate κ = τ/τads. For κ = 4, the mean adsorption time
is too large. The surfactant patch from a first micel-
lar impact has already spread over the whole interface
by diffusion and advection when a second micelle hits
the droplet interface at a different location. As a re-
sult, the droplet follows a random trajectory. Figure 3
(b) shows the corresponding swimming trajectory deter-
mined from r(t) = r(0) +
∫ t
0
dt′vD(t′)e(t′). Increasing
 0
 0.4
 0.8
 1.2
 0  5  10  15  20  25
vD
κ
FIG. 4. Swimming speed vD plotted versus reduced adsorp-
tion rate κ. For each κ, speed vD is taken at time t = 5 and
averaged over 60 simulation runs.
κ to 11, increases the number of micelles, which adsorb
per unit time, and the swimming speed becomes larger.
The swimming trajectory is still irregular albeit with an
increased persistence.
Finally, for κ = 20 mean adsorption time is signif-
icantly shorter than the characteristic diffusion time.
Thus, when a second micelle is about to hit the droplet
interface, surfactant concentration Γ and surface diver-
gence ∇s · u|R are still peaked at the impact of the pre-
vious micelle. Therefore, the probability of the following
micelle to adsorb at the front of the droplet is increased
compared to the back. This spontaneously breaks spheri-
cal symmetry. A defined swimming direction evolves and
the droplet shows directed motion with swimming veloc-
ity vD. This is confirmed by the swimming trajectory
in Fig. 3 (b). As the droplet continues to swim, the dif-
ference in surfactant concentration at the adsorption site
and the mean concentration at the interface decreases.
As a consequence the Marangoni flow extenuates and vD
decreases in time [see inset of Fig. 3 (a)]. Finally, when
the interface is fully covered, i.e., Γ = 1 on the whole
interface, the droplet stops.
Figure 4 shows the onset of directed swimming by plot-
ting swimming speed versus reduced adsorption rate κ.
Due to amplification of micellar adsorption at a specific
spot, the droplet switches at κ ≈ 12 from slow, random
motion with vD ≈ 0.1 . . .0.4 to fast and persistent mo-
tion with vD ≈ 0.9 . . .1.2.
In experiments, κ = τ/τads can be tuned by adjusting
the surfactant concentration cS . We equate the micel-
lar adsorption rate τ−1ads with the flux j · 4πR2 of micelles
from the bulk to the droplet interface. The current is
advective, j = cMvA, with micelle concentration cM and
velocity vA = R/tA. Using also τ = R
2/Ds, one finds
κ = cM ·4πR4/(DstA). We assume that a micelle consists
of 104 surfactants and introduce the degree of micelliza-
tion as the ratio γ between micellized surfactants and all
surfactants in the system, this yields cM = γ10
−4cS . The
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ratio γ changes strongly around the critical micelle con-
centration cCMC. For example, for cS = 0.9 · cCMC, i.e.,
slightly below cCMC, one finds γ ≈ 5 · 10−4,64. Together
with estimates Ds = 10
−5cm2/s,65, cCMC = 1.5mmol/l,
and values for R and tA from Sec. VA, we obtain κ ≈ 15,
thus around the onset of motion in Fig. 4. However,
γ ≈ 10−4 means that micelle adsorption strongly com-
petes with monomer adsorption, which is not contained
in our model to keep it simple. Thus, to observe the on-
set of droplet motion in experiments, one has to increase
cM by tuning the system closer to cCMC or even above.
Finally, we note that for increasing Marangoni number
M , the patch of surfactants spreads faster due to advec-
tion and the crossover in Fig. 4 simply shifts towards
larger κ.
VI. LIGHT-INDUCED MARANGONI FLOW
Certain surfactants are known to be photosensi-
tive66–69. For instance, surfactants based on azoben-
zene can undergo photoisomerization, where UV light
(365 nm) transforms a trans to a cis configuration and
blue light (450 nm) causes a transformation from cis to
trans. During the trans-cis isomerization subunits within
the molecule change their relative orientation. Naturally,
a different molecular structure also affects the surface
tension of a surfactant-covered interface. Experiments
showed that surfactants in the cis state cause a higher
surface tension compared to the ones in the trans state67.
This effect has recently been used to generate Marangoni
flow44. Therefore, we suggest two possible applications
of the formulas presented in Sec. II. We first treat light-
driven motion of a strongly absorbing, i.e., “dark”, emul-
sion droplet and then discuss how the results alter in the
case of a transparent droplet.
A. Pushing an absorbing droplet with UV light
We think of an experiment where a spherical oil droplet
of constant radius R is placed in a water phase laden
with trans surfactants. Initially the emulsion droplet is in
equilibrium with the exterior phase and thus completely
covered with trans surfactants. This corresponds to times
t≫ κ−1 in Sec. V. A UV laser beam with cross-sectional
radius ρ < R is focused on the center of the droplet. It
locally transforms surfactants at the interface into the
cis state and thereby increases surface tension, see Fig.
5 (a).
Here we assume that the droplet oil phase completely
absorbs the incident light beam. Accordingly, the laser
beam does not reach the interface opposite to the illumi-
nated side. A thinkable droplet phase is crude oil, which
has a penetration depth of α ≈ 100µm at wavelength
400nm70. On this length scale the droplet is still in the
low Reynolds number regime and all findings of Secs. II
- IV are valid. Alternatively, one may fabricate a “dark”
e θ
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e
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FIG. 5. (a) UV laser light is aimed at a strongly absorb-
ing oil droplet in water. This increases the surface tension σ
locally at the droplet interface by transforming trans to cis
surfactants. The resulting Marangoni flow u|R is directed to-
wards increasing surface tension and leads to propulsion in
direction e away from the laser beam. (b) Blue laser light
locally decreases the surface tension σ at a droplet interface
by transforming cis to trans surfactants. The resulting Ma-
rangoni flow u|R leads to propulsion in direction e towards
the laser beam.
droplet by enriching the oil phase with soot or black pig-
ment. In Sec. VIC we study a transparent droplet.
The initiated Marangoni flow is oriented towards the
laser beam and thus the droplet is propelled away from
the laser beam, see Fig. 5 (a). Due to the advective cur-
rent of surfactants towards the laser beam, the cis surfac-
tants converge at the laser spot on the droplet interface
and ultimately leave the interface. Fresh trans surfac-
tants are adsorbed at the leading front of the droplet,
i.e., at the side opposite to the laser beam.
1. Diffusion-advection-reaction equation
In the following we review our theoretical approach
to describe how the mixture of trans and cis molecules
evolves in time, which then determines the dynamics of
the flow field. More details can be found in Ref.19. We
introduce the order parameter field φ(θ, ϕ) with respec-
tive values φ = +1 or −1 in regions where all surfactants
are either in the cis or trans state, while in mixtures of
both surfactants φ is in the range −1 < φ < 1.
The dynamics of the order parameter φ at the drop-
let interface can be expressed by the diffusion-advection-
reaction equation:
∂tφ = −∇s · (jD + φu|R)− τ−1eq (φ− φeq) , (34)
with diffusive current jD and advective Marangoni cur-
rent φu|R. The source term couples the order parame-
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ter to the outer fluid laden with trans surfactants, i.e.,
φeq = −1, by introducing a relaxation dynamics with
timescale τeq.
To derive the diffusive current jD, we use a Flory-
Huggins free energy density19
f(φ) = kBTℓ2
[
1+φ
2 ln
1+φ
2 +
1−φ
2 ln
1−φ
2
− 14 (b1 + b2 + b12)− φ2 (b1 − b2)− φ
2
4 (b1 + b2 − b12)
]
,
(35)
where ℓ2 is the head area of a surfactant at the inter-
face. We introduce dimensionless parameters b1 and b2
to characterize the respective interactions between either
cis or trans surfactants and b12 describes the interaction
between the two types of surfactants. With the total free
energy F [φ] =
∫
f(φ) dA the diffusive current becomes:
jD = −λ∇s δF
δφ
= −Ds
[
1
1− φ2 −
1
2
(b1 + b2 − b12)
]
∇sφ ,
(36)
where the Einstein relation Ds = λkBT/ℓ
2 relates mobil-
ity λ to the interfacial diffusion constant Ds. Note that,
the condition jD ∝ −∇sφ is only fulfilled for a convex
free energy with f ′′(φ) > 0, i.e., if b1 + b2 − b12 < 2. In
the following we assume for simplicity b12 = (b1 + b2)/2.
In order to determine the Marangoni flow at the in-
terface, we need an expression for the surface tension σ.
From the free energy (35), we obtain the equation of state
for the surface tension19:
σ(φ) =
kBT
ℓ2
(b1 − b2)
[
3
8
b1 + b2
b1 − b2 +
1
2
φ+
1
8
b1 + b2
b1 − b2φ
2
]
.
(37)
Hence, for a given order parameter profile φ(θ, ϕ), Eq.
(37) yields the field of surface tension, which is expanded
into spherical harmonics with coefficients sml according to
Eq. (10). Note that in contrast to the equation of state
(31) of the single-surfactant model in Sec. V, expression
(37) is nonlinear.
In order to make Eq. (34) dimensionless, we rescale
lengths by droplet radius R and time by the diffusion
time scale τ = R2/Ds and obtain
∂tφ = −∇s · (jD +Mφu|R)− κ(φ− φeq) . (38)
Here, we introduced the Marangoni number M = τ/τA,
where τA = ℓ
2R(η + ηˆ)[(b1 − b2)kBT ]−1 is the advection
time scale, and κ = τ/τeq. All quantities of Eq. (38) are
dimensionless. We numerically solve Eq. (38) on a spher-
ical domain by the method of finite volumes as explained
in detail in Ref.71. In all what follows, we set b1 = 2 and
b2 = 1 as well as M = 1, i.e. τ = τA. Furthermore,
we choose κ = 1 to illustrate the main behavior but also
discuss the system’s dynamics for different values of κ.
2. Stationary solution of pushed droplet
Initially, we set the order parameter φ to −1 on the
whole interface. We then turn on the UV laser beam
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FIG. 6. Stationary solutions of the order parameter field φ
and the flow field uθ |R for (a) the droplet which is pushed by
UV light and (b) the droplet which is pulled by blue light. In
both cases, the laser light hits the droplet interface at θ = 0,
compare Fig. 5. Order parameter φ = 1 and −1 corresponds
to pure cis and trans surfactants, respectively. Further pa-
rameters are M = κ = 1.
hitting the interface on a circular patch with radius
ρ = 0.2R. In our numerical scheme, this is implemented
by setting φ = 1 in the area of exposure. Furthermore,
to couple the droplet to the outer fluid laden by trans
surfactants, we set φeq = −1. Figure 6, case (a) shows
a typical stationary order parameter profile φ, which re-
sults from the dynamics of Eq. (38). While φ exhibits
a step-like function, the interfacial Marangoni flow uθ|R,
also illustrated in Fig. 6, case (a), spreads over the whole
droplet interface. However, since the flow field is concen-
trated on the northern hemisphere and directed towards
θ = 0, the droplet is a pusher. This is confirmed by the
formulas for the squirmer parameter from Sect. IVA,
which yield β = −2.8. Increasing κ enhances the cou-
pling to φeq = −1 at the droplet front and the step in
the order parameter profile φ becomes steeper, whereas
the profile φ does not significantly depend on the Maran-
goni number M .
3. Pushing the droplet off-center
So far, the pushed droplet swims with a constant veloc-
ity vD = −vDez. Now, we introduce an offset ∆y of the
UV laser beam from the center of the droplet, and study
the impact on the droplet trajectory. Figure 7(a) illus-
trates the situation. Due to the offset ∆y, the Marangoni
flow u|R pushes the droplet out of the laser beam. This
increases the offset further and the orientation vector e
tilts further away from the laser beam.
Figure 8 (a) shows the trajectory of the droplet center
for several values of the initial offset ∆y. For vanishing
initial offset, ∆y = 0, the droplet swims in a straight
line to the left, while in the case ∆y 6= 0 the droplet
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FIG. 7. (a) UV laser light is aimed at a spot which is offset
by ∆y from the droplet center. The resulting Marangoni flow
drives the droplet out of the laser beam. (b) Blue laser light is
aimed at a spot which is offset by ∆y from the droplet center.
The resulting Marangoni flow pulls the droplet back into the
laser beam.
clearly moves away from the laser beam. As the droplet
leaves the laser beam at y/R = −1, it continues to swim
in a straight line until the surface is completely covered
with trans surfactants and the droplet halts. Thus the
swimming of pushed droplets is unstable with respect to
an offset ∆y of the pushing laser beam.
Finally, we discuss how the trajectories are influenced
by the reduced relaxation rate κ, with which the surfac-
tant mixture relaxes towards the equilibrium value φeq.
In Fig. 8 (a) we also plot trajectories for κ = 2 and 10 in
addition to the default case κ = 1 for the same initial off-
set ∆y = −0.2R. In all three cases the trajectories lie on
top of each other, but for increasing κ the droplet stops
earlier. This is clear since the surfactant mixture relaxes
faster to its equilibrium value, after the droplet has left
the laser beam. Again, changing Marangoni number M
does not alter the results significantly.
B. Pulling an absorbing droplet with blue light
In the following we present an alternative mechanism
to drive an oil droplet by light. Here, the droplet of
constant radius R initially is in equilibrium with a wa-
ter phase laden by cis surfactant. A blue laser beam
with cross-sectional radius ρ < R is focused on the cen-
ter of the droplet and locally transforms the surfactant
into the trans state [see Fig. 5 (b)], thereby lowering the
surface tension of this region. The resulting Marangoni
flow at the interface points away from the laser beam
and thus pulls the droplet towards the laser beam. The
advective current moves surfactants away from the laser
beam, which are replenished by cis surfactants from the
water phase. Again, the droplet oil phase completely ab-
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FIG. 8. (a) Trajectories of a droplet which is pushed by UV
light. The droplet initially starts at z = 0 and y = ∆y and
stops at the positions marked by dots. The laser is positioned
at y = 0 and shines from right to left [compare Fig. 7 (a)].
Parameters are set to M = 1 and κ = 1, unless otherwise
noted. The trajectories are symmetric w.r.t. changing the
sign of ∆y. (b) Trajectories of a droplet which is pulled by
blue light. The droplet initially starts at z = 0 and y = ∆y.
The laser is positioned at y = 0 and shines from right to left
[compare Fig. 7 (b)]. Again M = κ = 1.
sorbs the incident light beam. In Sec. VID we consider
a transparent droplet, which is pulled by blue light.
1. Stationary solution of pulled droplet
For the numerical solution of Eq. (38) the order pa-
rameter φ is initially set to φ = φeq = 1. The blue laser
beam with its circular patch of radius ρ = 0.2R is im-
plemented by setting φ = −1 in the area of exposure.
Figure 6, case (b) shows the stationary order parameter
profile φ as well as the interfacial Marangoni flow uθ|R.
Since the maximum of uθ|R is at the front of the droplet,
the droplet is a puller with β = 1.4. Note the different
shape of uθ|R compared to the pushed droplet. The dif-
ference is due to the positive curvature σ′′(φ) > 0 of the
nonlinear equation of state (37). Again, for increasing
κ, the step in in the order parameter profile φ becomes
steeper.
2. Pulling the droplet back to center
In Sec. VIA3 we demonstrated the unstable swimming
of the pushed droplet. The droplet pulled by the blue
laser beam shows the opposite behavior. As sketched in
Fig. 7 (b), the droplet with offset ∆y is pulled into the
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FIG. 9. Trajectories of a droplet, which is pulled by blue light
for different relaxation rates κ. Initially, the droplet is placed
at z = 0 and y = −0.9R. The laser is positioned at y = 0
and shines from right to left [compare Fig. 7 (b)]. Inset: For
κ = 0.1 a stable oscillation with wavelength λ and amplitude
A develops.
laser beam. This decreases the offset and the orientation
vector e tilts towards and finally aligns along the laser
beam. Figure 8(b) shows droplet trajectories for several
initial offsets ∆y. For ∆y = 0 the droplet swims in a
straight line to the right, while in the case ∆y 6= 0 the
droplet position relaxes towards y = 0 while performing
damped oscillations about the stable swimming direction.
Thus, the straight swimming trajectory along the laser
beam is stable with respect to lateral excursions.
Now, we discuss how the pulled droplet trajectories de-
pend on κ. Figure 9 depicts them for an initial offset of
∆y = −0.9R. For large relaxation rates such as κ = 10
(yellow curve in Fig. 9), the surfactants relax back to the
cis conformation as soon as the illuminated region moves
out of the laser beam. Hence, the swimming direction e
is always directed towards the illuminated spot [see snap-
shot (a) in Fig. 10] and relaxes towards the beam direc-
tion as illustrated in the supplemental movie. However, a
closer inspection of the yellow curve in Fig. 9 shows that
the droplet crosses the z axis before relaxing towards
y = 0. This happens since the surfactant relaxation is
not infinitely fast. The effect becomes even clearer for
κ = 1 green curve in Fig. 9, where the lateral droplet po-
sition performs a damped oscillatory motion about the
laser beam axis. Since the surfactant relaxation (κ = 1)
is sufficiently slow compared to the droplet speedM = 1,
the swimming direction e does not point towards the il-
luminated spot at early times [see snapshot (b) in Fig.
10]. The droplet crosses several times the z axis before
its direction aligns along the laser beam, as the supple-
mental movie shows. The movie also demonstrates how
the step in the order parameter profile φ becomes steeper
with increasing κ when the stationary state is reached.
This was already mentioned before. Interestingly, at very
slow surfactant relaxation (κ = 0.1) the droplet performs
(a) (b) (c)
-1 10
ϕ
FIG. 10. Snapshots of the order parameter profile φ and the
flow field u|R at the interface of the pulled droplet for (a)
κ = 10, (b) κ = 1, and (c) κ = 0.1. The area illuminated by
the laser beam is shown by a circle and the bold dot indicates
the swimming direction e. The snapshots are taken from a
supplemental movie.
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FIG. 11. Amplitude A and wave number ν = 1/λ of the os-
cillating droplet trajectory (see inset of Fig. 9) plotted versus
κ−1. The two insets depict trajectories in (y, ψ) phase space,
where ψ is the angle between droplet orientation and laser
beam axis (see Fig. 9). Phase trajectories for κ−1 = 1 and 10
are shown and dots indicate the initial positions.
a stable oscillatory motion about the beam axis, which is
nicely illustrated by the supplemental movie. Increasing
the Marangoni number M increases swimming velocity
and the oscillations occur at lower κ−1.
Figure 11 plots the amplitude A of the stable oscil-
lations versus κ−1 and reveals a subcritical Hopf bifur-
cation. In the parameter range κ−1 = 7.5 to 14 both
straight swimming (amplitude A = 0) and oscillatory
motion (A 6= 0) occur depending on the initial lateral
displacement ∆y. Indeed, if ∆y is above the unstable
branch of the Hopf bifurcation, plotted as dashed line in
Fig. 11, the droplet assumes the oscillating state. The
two swimming regimes are illustrated by phase portraits
in orientation angle ψ = cos−1(e · ez) versus y. They
either reveal a stable fixpoint (inset for κ−1 = 1) or a
stable limit cycle (inset for κ−1 = 10). Finally, we also
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FIG. 12. (a) UV laser light is aimed at a transparent water
droplet in oil, which is offset by ∆y from the laser beam. The
resulting Marangoni flow at the two spots drives the droplet
out of the beam. (b) Blue laser light is aimed at a water
droplet in oil, which is offset by ∆y from the laser beam. The
resulting Marangoni flow at the two spots pulls the droplet
back into the laser beam.
plot the wave number ν = 1/λ of the oscillatory swim-
ming motion along the z axis. It decreases with κ−1
since the droplet moves more persistently and thereby
performs longer excursions from the beam axis.
In experiments, κ = τ/τeq can again be tuned by ad-
justing the surfactant concentration cS in the bulk phase.
We estimate the equilibration rate by τ−1eq = j · 4πR2,
where j = ka · cS is the flux of surfactants from the
bulk to the droplet interface and ka is a typical adsorp-
tion rate constant. Using also τ = R2/Ds, one obtains
κ = ka · cS · 4πR4/Ds. With typical values R = 50µm,
Ds = 10
−5cm2/s, and ka = 10
9m/(mol · s), one then
finds κ ≈ 105l/mol · cS , 72. Thus, in order to observe the
Hopf bifurcation at κ ≈ 0.1, one has to set up an emulsion
with surfactant density cS ≈ 10−3mmol/l. For smaller cS
we expect oscillations and for larger cS damped motion.
Finally, we note that we observed the same qualitative
behavior as in Figs. 8-11 for a linear diffusive current
jD = D∇sφ and a linear equation of state for the surface
tension σ. Hence, the origin of the Hopf bifurcation lies
clearly in the nonlinear advection term Mφu|R of Eq.
(38).
C. Pushing a transparent droplet with UV light
In the following we discuss the case of an emulsion
droplet with negligible light absorbance. The laser beam
crosses the droplet and also actuates it at a second spot
as illustrated in Fig. 12(a). Here, we focus on a water
droplet immersed in a transparent oil phase laden with
trans surfactants. But we will also comment on the in-
verse case of an oil droplet in water. Due to the different
refractive indices of oil and water, the transmitted beam
is refracted at each interface according to the refraction
law n sinα = nˆ sin αˆ. Here α and αˆ are the respective
angles of the beam with respect to the surface normal in
the oil and water phase while n and nˆ are the respective
refraction indices. We apply the refraction law to par-
tial beams of the incident light so that it widens while
crossing and leaving the droplet. In what follows, we use
n = 1.45 and nˆ = 1.35. Note that we neglect any reflec-
tion except for total reflection above the critical angle
αmax = arcsin(nˆ/n). For the emulsion droplet this im-
plies that laser light is completely reflected if it hits the
interface with a lateral distance to droplet center above
∆ymax/R = nˆ/n ≈ 0.93. The general mechanism for the
light-induced Marangoni flow is the same as in Sec. VIA.
It is directed away from each illuminated spot. Since the
spots are well separated from each other, the droplet ve-
locity vector is a superposition of the vectors induced by
each spot.
Again, we start with a laser beam which is aimed at
the center of the droplet. Due to refraction, the trans-
mitted beam widens and the second illuminated spot is
slightly larger than the first one. Thus, the velocity vec-
tor induced by the second spot is also slightly larger and
slowly pushes the droplet towards the laser beam. This
effect is hardly visible in our simulations. However, as
soon as we introduce an offset ∆y, the widening of the
laser beam becomes stronger. The resulting velocity vec-
tor with orientation e pushes the droplet further away
from the laser beam and also against the beam direc-
tion, as illustrated in Fig. 12 (a). Ultimately, the droplet
leaves the beam completely. Figure 13 shows trajectories
for various initial offsets. In the cases ∆y = −0.2R and
−0.5R, the droplet initially moves in negative y and pos-
itive z direction [see also Fig. 12 (a)]. Once the second
laser spot has sufficiently decreased in size, since part of
the beam is totally reflected, the droplet moves in neg-
ative z direction. It leaves the beam and finally stops.
Thus, in analogy to the findings of Sec. VIA, the droplet
is pushed out of the beam.
For an oil droplet immersed in water, the transmitted
beam becomes more narrower. The droplet is still pushed
out of the beam but the motion along z direction is re-
versed. The corresponding trajectories are similar to the
ones in Fig. 13, albeit reflected about the y-axis. If drop-
let and surrounding phase have equal refractive indices,
the motion out of the beam is exactly along the y-axis.
In all cases, the interfacial flow field is concentrated at
the back of the droplet and the droplet is a pusher.
D. Pulling a transparent droplet with blue light
Now, we study the effect of a blue light beam aimed
at a water droplet, which is suspended in an oil phase
laden with cis surfactants [see Fig. 12 (b)]. In this case,
the Marangoni flow is directed away from the illuminated
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FIG. 13. Trajectories of a transparent droplet which is pushed
by UV light. The droplet initially starts at z = 0 and y =
∆y and stops at the positions marked by dots. The laser is
positioned at y = 0 and shines from right to left [compare
Fig. 12 (a)]. Parameters are set to M = 1 and κ = 1. The
trajectories are symmetric w.r.t. changing the sign of ∆y.
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FIG. 14. Trajectories of a transparent water droplet sus-
pended in oil, which is actuated by blue light for κ =
10, 3, 1, 0.5. The snapshots are taken from a supplemental
movie. Trajectories of a transparent oil droplet suspended in
water, which is actuated by blue light, are shown in a second
supplemental movie. In all cases we set M = 1 and used an
initial offset ∆y = −0.5 [compare Fig. 12 (b)].
spots. At zero offset, ∆y = 0, the droplet slowly moves
along the negative z direction. Any offset ∆y 6= 0 pulls
the droplet back into the beam with the velocity vector
slightly tilted towards −ez [see Fig. 12 (b)]. As in Sect.
VIB, we use coupling strength κ to distinguish between
different regimes of motion.
Figure 14 shows trajectories from a supplemental
movie. In the case of strong coupling to the bulk phase,
κ = 10, the droplet performs a damped oscillation about
y = 0. The spatial resolution of our numerical method is
not large enough to resolve the size difference between the
two illuminated spots. Therefore, in the supplemental
movie the droplet stops and does not move into the neg-
ative z direction. Upon decreasing the the relaxation rate
to values below κ = 4.5, the droplet undergoes a subcrit-
ical Hopf bifurcation and the droplet starts to oscillate
about the laser beam. Figure 14 shows the trajectory
from the supplemental movie; the droplet has already
left the scene to the left. Figure 15 shows the subcriti-
cal bifurcation in the bottom graph, where amplitude A
and wave number ν are plotted versus κ−1, or in the top
phase portraits, where the limit cycle in case 2 is visible.
Below κ = 2.2, the droplet changes its dynamics com-
pletely. After moving along the negative z direction for
a few droplet radii R, the droplet reverses its swimming
direction and reaches a stationary oscillating state. The
reversal occurs because the amplitude of the oscillation
is so large that the size of the second spot decreases in
size due to total reflection and the first spot pulls more
strongly. This oscillation is characterized by larger am-
plitude A and wave number λ compared to the first os-
cillation state [see Fig. 15]. Finally, at relaxation rates
below κ = 0.54, the droplet eventually leaves the beam
and stops. For the experimental realization of different
values of κ, we refer to the discussion in Sec. VIB 2.
For an oil droplet immersed in water, where total re-
flection does not occur, we only observe three states, in
which the droplet moves against the laser beam: damped
oscillations, stationary oscillations, and where the drop-
let ultimately leaves the laser beam. A supplemental
movie illustrates the three cases.
VII. CONCLUSIONS
A non-uniform surface tension profile σ at the interface
of an emulsion droplet generates flow fields at the inter-
face and inside as well as outside of the droplet. The flow
at the interface is directed along the gradient of σ. Us-
ing this Marangoni effect, the emulsion droplet becomes
active. We decomposed the surface tension profile into
spherical harmonics, σ(θ, ϕ) =
∑
sml Y
m
l , and for this
most general form of σ we determined the full three-
dimensional flow field inside [uˆ(r)], outside [u(r)], and
at the interface [u|R(θ, ϕ)] of the droplet as a function of
the expansion coefficients sml . The swimming kinemat-
ics of the droplet follows from the droplet velocity vector
vD, which solely depends on the coefficients sm1 . The
flow field outside of the droplet decays either as 1/r3 in
the case of a neutral swimmer or as 1/r2 in the case of a
pusher or a puller. The squirmer parameter β, for which
we derived an expression in terms of the coefficients sm1
and sm2 for arbitrary swimming direction, enables to dis-
tinguish between these cases.
In the second part of this paper we presented two il-
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FIG. 15. Bottom: Amplitude A and wave number ν = 1/λ of
the oscillating droplet trajectories plotted versus κ−1. Top:
Trajectories in (y, ψ) phase space at values of κ−1 marked by
numbers in the bottom plot. Here, ψ is the angle between
droplet orientation and laser beam axis, as indicated in Fig.
14. Dots indicate the initial positions. Fig. 14 shows the
corresponding trajectories in (z, y) space.
lustrative examples to demonstrate how gradients in the
surface tension σ can be achieved and studied the result-
ing droplet motion.
In the first example, we considered an initially sur-
factant free droplet, which adsorbes micelles formed by
surfactants. The adsorbed micelle not only induces Ma-
rangoni flow in the proximity of the droplet interface but
also radial fluid flow towards the adsorption site. The
radial flow enhances the probability that other micelles
adsorb at the same site. This mechanism leads to di-
rected propulsion of an initially isotropic emulsion drop-
let if the micellar adsorption rate is sufficiently large.
Clearly, the mechanism only works when surfactants are
adsorbed through micelles. Single surfactants would not
produce a sufficiently strong radial flow to spontaneously
break the isotropic symmetry of the droplet. Our ideal-
ized example stresses the role which micelles play in gen-
erating directed motion in active emulsions. Therefore, it
might contribute to understanding the self-propulsion of
water and liquid-crystal droplets, which has been demon-
strated in recent publications25,26.
The second example considered a non-uniform mix-
ture of two surfactant types in order to generate Maran-
goni flow. We used light-switchable surfactants based on
the trans-cis isomerism of azobenzene to generate a non-
uniform surfactant mixture. The analytic formulas for
the flow field together with a diffusion-advection-reaction
equation for the mixture order parameter determine the
dynamics of the surfactant mixture and hence the drop-
let trajectory. We demonstrated that an emulsion droplet
laden with trans surfactants, and either strongly adsorb-
ing or transparent, can be pushed by a laser beam with
UV light. However, the resulting straight trajectory is
unstable with respect to displacing the droplet center rel-
ative to the laser beam axis. In contrast, a droplet laden
with cis surfactants can be pulled into a laser beam with
blue light. The straight trajectory is stable against lat-
eral displacements. By decreasing the surfactant relax-
ation rate, the droplet develops an oscillatory trajectory
about the laser beam via a subcritical Hopf bifurcation.
Having at hand analytic formulas for the full three-
dimensional flow field, we are now able to fully discuss
the recently introduced active emulsion droplet, where
the surfactant mixture is generated by a bromination
reaction18,19. We included thermal noise in the diffusion-
advection-reaction equation of the mixture order param-
eter and currently study the coarsening dynamics of the
surfactant mixture towards the stationary order parame-
ter profile71. Thermal fluctuations in the composition of
the surfactant mixture are responsible for the rotational
diffusion of the swimming direction and thereby generate
a persistent random walk of the active emulsion droplet.
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Appendix A: Spherical harmonics
Throughout this paper we use the following definition
of spherical harmonics:
Y ml (θ, ϕ) =
√
2l+ 1
4π
(l −m)!
(l +m)!
Pml (cos θ) e
imϕ ,
with associated Legendre polynomials Pml of degree l,
order m, and with orthonormality:
π∫
0
2π∫
0
Y ml Y
m′
l′ sin θdθdϕ = δl,l′ δm,m′ ,
where Y
m
l denotes the complex conjugate of Y
m
l .
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Appendix B: Fluid flow in the bulk
Here we give the complete velocity field inside uˆ =
vˆ+wˆ and outside u = v+w of the droplet in the droplet
frame:
uˆr =
−η
2(η + ηˆ)
[
r2
R2
− 1
]
er · vD + 1
η + ηˆ
∞∑
l=1
l∑
m=−l
[
rl+1
Rl+1
− r
l−1
Rl−1
]
l(l + 1)sml
4l+ 2
Y ml , (B1a)
uˆθ =
−η
2(η + ηˆ)
[
2r2
R2
− 1
]
eθ · vD + 1
η + ηˆ
∞∑
l=1
l∑
m=−l
[
(l + 3)
rl+1
Rl+1
− (l + 1) r
l−1
Rl−1
]
sml
4l+ 2
∂θY
m
l , (B1b)
uˆϕ =
−η
2(η + ηˆ)
[
2r2
R2
− 1
]
eϕ · vD + 1
η + ηˆ
∞∑
l=1
l∑
m=−l
[
(l + 3)
rl+1
Rl+1
− (l + 1) r
l−1
Rl−1
]
imsml
4l+ 2
Y ml
sin θ
, (B1c)
ur =
( −η
2(η + ηˆ)
[
R
r
− R
3
r3
]
−
[
1− 3R
2r
+
R3
2r3
])
er · vD+ 1
η + ηˆ
∞∑
l=1
l∑
m=−l
[
Rl
rl
− R
l+2
rl+2
]
l(l+ 1)sml
4l + 2
Y ml , (B1d)
uθ =
( −η
4(η + ηˆ)
[
R
r
+
R3
r3
]
−
[
1− 3R
4r
− R
3
4r3
])
eθ · vD+ 1
η + ηˆ
∞∑
l=1
l∑
m=−l
[
(2− l)R
l
rl
+ l
Rl+2
rl+2
]
sml
4l+ 2
∂θY
m
l , (B1e)
uϕ =
( −η
4(η + ηˆ)
[
R
r
+
R3
r3
]
−
[
1− 3R
4r
− R
3
4r3
])
eϕ · vD+ 1
η + ηˆ
∞∑
l=1
l∑
m=−l
[
(2 − l)R
l
rl
+ l
Rl+2
rl+2
]
imsml
4l + 2
Y ml
sin θ
. (B1f)
Note that for r = R, one recaptures Eqs. (17) and bound-
ary condition ur = uˆr = 0, while for r →∞: u = −vD.
Note, by combining the outside field of the pumping
solution w with the first term of the passive-droplet field
v, the stokeslet components, i.e., terms with u ∝ r−1
cancel each other:
ur = −er · vD
(
1− R
3
r3
)
+
1
η + ηˆ
∞∑
l=2
l∑
m=−l
[
Rl
rl
− R
l+2
rl+2
]
l(l + 1)sml
4l+ 2
Y ml ,
uθ = −eθ · vD
(
1 +
R3
2r3
)
+
1
η + ηˆ
∞∑
l=2
l∑
m=−l
[
(2− l)R
l
rl
+ l
Rl+2
rl+2
]
sml
4l + 2
∂θY
m
l ,
uϕ = −eϕ · vD
(
1 +
R3
2r3
)
+
1
η + ηˆ
∞∑
l=2
l∑
m=−l
[
(2 − l)R
l
rl
+ l
Rl+2
rl+2
]
imsml
4l+ 2
Y ml
sin θ
.
This shows that the droplet is a force-free swimmer4.
Thus, in leading order the flow field is given by a stresslet
with u ∝ r−2. The squirmer parameter β calculated in
Sec. IVA determines the sign and the magnitude of the
stresslet. In particular, if the coefficients sm2 vanish, the
squirmer parameter also becomes zero (β = 0). Then,
the flow field is less long-ranged and decays as u ∝ r−3.
Finally, by adding the droplet velocity vector to our
solution, one arrives at the velocity field uL = u+ vD in
the lab frame:
uLr =
R3
r3
er · vD
+
1
η + ηˆ
∞∑
l=2
l∑
m=−l
[
Rl
rl
− R
l+2
rl+2
]
l(l+ 1)sml
4l + 2
Y ml ,
uLθ =
−R3
2r3
eθ · vD
+
1
η + ηˆ
∞∑
l=2
l∑
m=−l
[
(2 − l)R
l
rl
+ l
Rl+2
rl+2
]
sml
4l+ 2
∂θY
m
l ,
uLϕ =
−R3
2r3
eϕ · vD
+
1
η + ηˆ
∞∑
l=2
l∑
m=−l
[
(2 − l)R
l
rl
+ l
Rl+2
rl+2
]
imsml
4l+ 2
Y ml
sin θ
.
In this frame the velocity field satisfies the boundary con-
dition uL|r→∞ = 0. Note that in this frame the radial
component uLr does not vanish at r = R.
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Appendix C: Lorentz reciprocal theorem
Applying the Lorentz reciprocal theorem to relate the
flow fields of the pumping active droplet from Sect. II A
and the passive droplet from Sect. II B to each other,
one arrives at the alternative expression for the droplet
velocity:73
vD =
−1
4πR2
3η + 3ηˆ
2η + 3ηˆ
∫∫
w|RdA . (C1)
Note that this generalizes the expression for rigid active
spherical swimmers (ηˆ →∞) in Ref.59. Using the surface
flow field of the pumping droplet from Eqs. (12) in Eq.
(C1), one obtains Eq. (21).
Appendix D: Comparison with squirmer model
The presented solution u(r) for the flow field around
an active droplet can be related to the axisymmetric
squirmer model introduced by Lighthill55 and later by
Blake56 as follows. The squirmer flow field can also be
decomposed into a pumping active and a passive part,
usq = wsq + vsq, where vsq is the usual Stokes flow field
of a solid sphere, which we obtain in the limit of infinite
internal viscosity: vsq = limηˆ→∞ v. In order to match w
with the known squirmer field wsq , one has to set
sl = −(η + ηˆ) 4l+ 2
l(l+ 1)
√
4π
2l + 1
Bl . (D1)
This yields the correct flow field of a swimming squirmer
with surface velocity field uθ =
∑
∞
l=1 BlVl(cos θ), where
Vl =
−2
l(l+1)P
1
l (cos θ). Here we used the notation of
Blake56.
Appendix E: Written-out generalized squirmer parameter
The generalized squirmer parameter in Eq. (28) for a
droplet swimming in an arbitrary direction can be writ-
ten in terms of the coefficients sm1 and s
m
2 using Eqs. (22)
and (24):
β = −
√
27
5
s˜02
|s˜01|
, (E1a)
s˜01 =
√
(s01)
2 − 2s11s−11 , (E1b)
s˜02 =
(√
6
[
s22(s
−1
1 )
2 + s−22 (s
1
1)
2
]−√12s01 [s12s−11 +s−12 s11]
+2s02
[
(s01)
2 + s11s
−1
1
])
/
[
2(s01)
2 − 4s11s−11
]
. (E1c)
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